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We derive the universal relations for an ultracold two-component Fermi gas with an spin-orbit
coupling (SOC)
∑
α,β=x,y,z λαβσαpβ, where px,y,z and σx,y,z are the single-atom momentum and
Pauli operators for pseudo spin, respectively, and the SOC intensity λαβ could take arbitrary value.
We consider the system with an s-wave short-range interspecies interaction, and ignore the SOC-
induced modification for the value of the scattering length. Using the first-quantized approach
developed by S. Tan (Phys. Rev. Lett. 107, 145302 (2011)), we obtain the short-range and high-
momentum expansions for the one-body real-space correlation function and momentum distribution
function, respectively. For our system these functions are 2× 2 matrix in the pseudo-spin basis. We
find that the leading-order (1/k4) behavior of the diagonal elements of the momentum distribution
function (i.e., n↑↑(k) and n↓↓(k)) are not modified by the SOC. However, the SOC can significantly
modify the large-k behaviors of the distribution difference δn(k) ≡ n↑↑(k) − n↓↓(k) as well as
the non-diagonal elements of the momentum distribution function, i.e., n↑↓(k) and n↓↑(k). In
the absence of the SOC, the leading order of δn(k), n↑↓(k) and n↓↑(k) are O(1/k
6). When SOC
appears, it can induce a term on the order of 1/k5 for these elements. We further derive the adiabatic
relation and the energy functional. Our results show the SOC can induce a new term in the energy
functional, which describe the contribution from the SOC to the total energy. In addition, the form
of the adiabatic relation for our system is not modified by the SOC. Our results are applicable
for the systems with any type of single-atom trapping potential, which could be either diagonal or
non-diagonal in the pseudo-spin basis.
I. INTRODUCTION
In the recent decade a number of new kinds of experi-
mental methods, such as magnetic and optical Feshbach
resonances, were invented to tune the inter-atomic inter-
actions for alkali and alkaline-earth atoms [1, 2]. A vast
number of efforts were devoted to investigate the strongly
interacting state of matter in such systems [3, 4]. The ex-
istence of strong correlation effects and the lack of small
parameters for perturbative calculations make it very dif-
ficult to obtain any rigorous results for such strongly in-
teracting systems. In recent years, a series of exact uni-
versal relations were established which for the first time
set up a bridge between the microscopic short distance
correlations and the macroscopic thermodynamic char-
acters of the system [5–26]. These relations show that
many important properties of the system (e.g., the one-
body momentum distribution, one-body spatial correla-
tion function and many-body total energy) are related
together via a parameter which contains the information
of the interaction effect in the high-momentum limit, and
is usually called as contact. These relations has already
been confirmed in several different experiments [27–30].
Another recent important progress in the research of
ultracold gases is the successful experimental realization
of synthetic coupling between atomic (pseudo) spin and
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momentum [31–36]. Here we call this coupling as spin-
orbit coupling (SOC). In these systems the SOC can
strongly affect the one-body dispersion and thus seriously
change the many-body properties. Therefore, the SO-
coupled ultracold gases have attracted many attentions
from both theorists and experimentalists [37–42].
Thus, it is very natural to consider the universal re-
lations in the SO-coupled ultracold gases. Recently S.
Peng et. al. studied this problem for a system with a
three-dimensional isotropic SOC (σ · p-type) [43]. Here
we derive the universal relations for the ultracold gases
with arbitrary type of SOC. Explicitly, we consider an
ultracold gas of identical Fermi atoms with pseudo spin
↑ and ↓, with a general type SOC which can be expressed
as
∑
α,β=x,y,z λαβσαpβ, where px,y,z are the components
of single-atom momentum and the SOC intensity λαβ
could be arbitrary real numbers. In our system there
could also be a general single-atom trapping potential,
which can be expressed as an arbitrary atomic-position-
dependent 2× 2 matrix in the pseudo-spin basis.
We further assume that there is an s-wave short-
range interaction between two atoms in different pseudo-
spin states, which is described by the scattering length
a. In principle, the SOC may modify the value of a
[39, 43]. Nevertheless, previous analytical [39] and nu-
merical studies [37] have shown that in many ultracold
gases, including the current experimental systems with
Raman-beam-induced one-dimensional SOC, the SOC-
induced modification of scattering length is negligible
when the characteristic length of the SOC (defined as
the inverse of the SOC intensity) is much larger than the
range of the two-body interaction (i.e., the van der Waals
2length). This is normal situation in cold atom system.
Thus, the starting point of our paper is that the scat-
tering length is not changed by the SOC. This starting
point is very different from the assumption in the recent
work by S. Peng et. al. [43].
A. Our main results
For the convenience of the readers, here we briefly sum-
marize the results we obtained.
(A) We derive the short-range expansion of the single-
atom spatial correlation function ρσσ′(r, r+ b) (σ, σ
′ =↑
, ↓) of a many-body state |Ψ〉, which is defined as
ρσσ′ (r, r+ b) ≡ 〈Ψ|dˆ†σ(r)dˆσ′ (r+ b)|Ψ〉 (1)
in the second quantized language and can form a 2 × 2
matrix in the pseudo-spin basis. Here dˆ†σ(r) and dˆσ(r)
are the creation and annihilation operators of an atom
with pseudo spin σ at position r. For the case where
b ≡ |b| is small, we expand ρσσ′ (r, r + b) up to the 2nd
order of b (see Eq. (11)). We find that the behavior
of ρσσ′ (r, r + b) is not changed by the SOC in the 0th
and 1st order of b. Nevertheless, in the 2nd order of b
a new non-analytical term can be induced by the SOC.
This term is the leading non-analytical term of the non-
diagonal elements ρ↓↑(r, r+ b) and ρ↑↓(r, r+ b).
(B) We derive the high-momentum expansion of the
single-atom momentum distribution function nσσ′(k)
(σ, σ′ =↑, ↓) of a many-body state |Ψ〉, which is defined
as
nσσ′ (k) ≡ (2π)3〈Ψ|dˆ†σ(k)dˆσ′(k)|Ψ〉, (2)
with dˆ†σ(k) and dˆσ(k) being the creation and annihilation
operators of an atom with pseudo spin σ and in the plane-
wave state |k〉 defined by 〈r|k〉 = eik·r/(2π) 32 [44]. It is
clear that nσσ′ (k) can also form a 2 × 2 matrix in the
pseudo-spin basis. In previous researches people mainly
study the behavior of the diagonal elements n↑↑(k) and
n↓↓(k). For our system the non-diagonal terms n↑↓(k)
and n↓↑(k) are also non-zero and should be studied. In
the large-k limit we expand all the four elements nσσ′(k)
to the order of 1/k5 (see Eq. (19) and (26)), and find
that:
• The leading-order (1/k4) behavior of the diagonal
elements n↑↑(k) and n↓↓(k) are not modified by
the SOC. No matter if there is an SOC or not,
we always have limk→∞ n↑↑(k) = limk→∞ n↓↓(k) =
C/k4. Here the parameter C can be defined as the
contact corresponding to the state |Ψ〉. As in the
systems without SOC, the value of C is also related
to the small-b behavior of ρσσ′ (r, r+ b).
• The SOC can modify the behavior of n↑↑(k) and
n↓↓(k) in the sub-leading order (1/k
5) by inducing
a new term which is proportional to the contact
C. However, the behavior of the total momentum
distribution n(k) ≡ n↑↑(k)+n↓↓(k) is still not mod-
ified by the SOC on this order.
• In the absence of the SOC, the difference δn(k) ≡
n↑↑(k) − n↓↓(k) of the diagonal elements, as well
as the non-diagonal elements n↑↓(k) and n↓↑(k),
are of the order of O(1/k6) in the large-k limit.
However, in the presence of SOC, a new term can
be induced in the order 1/k5 for these elements.
This term is proportional to C. Therefore, the SOC
can significantly modify the leading-order behavior
of δn(k), n↑↓(k) and n↓↑(k).
(C)We find that the adiabatic relation is not modified
by the SOC. Explicitly, when |Ψ〉 is an eigen-state of the
many-body Hamiltonian H , i.e., H |Ψ〉 = E|Ψ〉, then we
still have ∂E∂(−1/a) =
~
2
4πmC, with m being the single-atom
mass.
(D) We derive the energy functional for our system
(see Eq. (37)), in which the average energy E = 〈Ψ|H |Ψ〉
of an arbitrary many-body state |Ψ〉 is expressed in terms
of the single-atom momentum and position distribution
functions (i.e., ρσσ′ (r, r) and nσσ′(k)), as well as the con-
tact C. We find that the SOC induce a new term for the
energy functional, which is the average value of the SOC
term in the Hamiltonian of all the atoms.
Our above results show that in the large-momentum
limit the leading-order behavior of the universal rela-
tions are usually not modified by the SOC. This is can
be explained as follows. The SOC is a linear function
of the one-atom momentum p, while the kinetic energy
p2/(2m) is a quadric function of p. Thus, in the large-
momentum limit the SOC is much smaller than p2/(2m),
and thus cannot modify the leading-order behavior of the
system.
The remainder of this paper is organized as follows. In
Sec. II we describe our model and notations. In Sec. III
we derive the short-range expansion of the single-atom
spatial correlation function. ρσσ′(r, r + b). Using this
result, in Sec. IV we derive the large-momentum expan-
sion of the single-atom momentum distribution function
nσσ′(k). The adiabatic relation and energy functional
are derived in In Sec. V, and a summary and discussion
are given in Sec. VI. In the appendix we present some
details of our calculation.
II. SYSTEM AND WAVE FUNCTION
As shown above, we consider the system with N iden-
tical ultracold SO-coupled pseudo-spin-1/2 Fermi atoms.
The single-atom Hamiltonian is given by
H1b =
p2
2m
+
∑
α,β=x,y,z
λαβσαpβ + U(r), (3)
with p and r being the atomic momentum and position,
respectively, and σα (α = x, y, z) being the Pauli op-
erators of the atomic spin. Here U(r) is the single-atom
3trapping potential, which could be either diagonal or non-
diagonal in the pseudo-spin basis.
The Hilbert space H of our system is given by H =
Hr⊗Hs, where Hr and Hs are the Hilbert spaces for the
N -atom spatial motion and N -atom spin, respectively.
Here we use |〉 to denote the total quantum state in H,
and use |〉r and |〉s to denote the states in Hr and Hs,
respectively. In this paper we work in the “coordinate
representation” where the N -body state |Ψ〉 is described
by a spinor wave function |Ψ(r1, ..., rN )〉s which is defined
as
|Ψ(r1, ..., rN )〉s ≡ r〈r1, ..., rN |Ψ〉, (4)
with |r1, ..., rN 〉r being the eigen-state of the position of
the atoms. Notice that |Ψ(r1, ..., rN )〉s is a (r1, ..., rN )-
dependent vector in the space Hs.
We further assume that there is an s-wave short-range
two-body interaction between atoms in different pseudo-
spin state. In the presence of SOC this interaction can be
described by various zero-range models, e.g., the renor-
malized delta interaction [38] and the modified Bethe-
Peierls boundary condition (MPBC) [39]. In this work
we use the MPBC approach. In this approach, the wave
function |Ψ(r1, ..., rN )〉s are defined in the region with
ri 6= rj for ∀i, j ∈ (1, ..., N), and the total Hamiltonian
H of the N atoms is just the summation of the free-
Hamiltonians of each atom, i.e.,
H =
N∑
i=1
H
(i)
1b , (5)
with H
(i)
1b being the one-body Hamiltonian of the i-th
atom. In addition, when two atoms (for instance, atoms
1 and 2) are close, in our notation the N -body wave
function should satisfy
lim
|r12|→0
|Ψ(r1 · · · , rN )〉s =
{(
1
|r12| −
1
a
)
|S〉12 − i
[
r12
|r12| ·G
]
|S〉12
}
⊗ |A(r1 + r2
2
; r3, · · · , rN)〉3,··· ,N +O(|r12|).
(6)
Here r12 = r1 − r2, a is the scattering length, |S〉12 =
(| ↑〉1| ↓〉2 − | ↓〉1| ↑〉2)/
√
2 is the singlet spin state
of the atoms 1 and 2, and G = (Gx, Gy, Gz) is a
vector-type spin operator with the component Gβ =∑
α=x,y,z λαβ(σ
(1)
α − σ(2)α )/2 (β = x, y, z), where σ(i)x,y,z
(i = 1, 2) is the Pauli operator of the i-th atom. The
term with operator G describes the SOC-induced modi-
fication for the short-range behavior of the wave function.
In Eq. (6) |A( r1+r22 ; r3, · · · , rN )〉3,··· ,N is a spin state of
the atoms 3, ..., N , which depends on the positions of
these atoms as well as the center-of-mass position of the
atoms 1 and 2. As shown below, the important param-
eters in the universal relations, e.g., the contact C, can
be expressed in terms of |A〉3,...,N .
III. SINGLE-ATOM SPATIAL CORRELATION
FUNCTION
In this section we derive the expansion of the single-
atom spatial correlation function ρσ,σ′(r, r+b) (σ, σ
′ =↑
, ↓) in the short-range limit b ≡ |b| → 0. Our calculation
is done via the approach in Ref. [16].
In the coordinate representation, ρσ,σ′(r, r + b)
(σ, σ′ =↑, ↓) corresponding to a state |Ψ〉, which is de-
fined in Eq. (1), can be expressed as
ρσσ′ (r, r+ b)
= N × Tr2,...,N
ˆ
D2 [1〈σ′|Ψr+b〉s〈Ψr|σ〉1] (7)
where D2 = Π
N
i=2dri,
|Ψr〉s ≡ |Ψ(r, r2 · · · , rN )〉s, (8)
|σ〉1 (σ =↑, ↓) is the pesudo-spin states of atom 1, and
Tr2,...,N is the trace for the spin states of atoms 2, ..., N .
To derive the small-b behavior of ρσ,σ′(r, r+b), we divide
the integration
´
D2 in Eq. (7) asˆ
D2 =
ˆ
Rε
D2 +
ˆ
R¯ε
D2. (9)
Here ε is a small positive distance which satisfies ε > b,
Rε is the region with |r−ri| > ε for ∀i = 2, ..., N , i.e., the
region where the distances between atom 1 and all the
other atoms are larger than ε, and R¯ε is the complemen-
tary ofRε . Since ε > b, inRε we also have |r+b−ri| > 0
for ∀i = 2, ..., N . According to (6), this fact implies that
in the region Rε the wave function |Ψr+f 〉s, as a function
of f , is analytical when |f | 6 |b|. Thus, in Rε we can
expand |Ψr+b〉s as a Taylor series of b:
|Ψr+b〉s = |Ψr〉s + b · ∇r|Ψr〉s
+
1
2
∑
α,β=x,y,z
bαbβ
∂2
∂rα∂rβ
|Ψr〉s + ....,(10)
4where bx,y,z and rx,y,z are the components of b and r,
respectively. On the other hand, in R¯ε the wave function
|Ψr+f 〉s may diverges at some point f0 which satisfies
|f0| < |b|. Namely, |b| may larger than the divergence
radius of the function |Ψr+f 〉s. Thus, in R¯ε we cannot do
the expansion (10) for |Ψr+b〉s. Therefore, in Eq. (7) we
can use the expression (10) to calculate the integration´
Rε
D2, and use Eq. (6) with r1 = r + b or r1 = r
to calculate
´
R¯ε
D2. For the small-b case, with direct
calculation we finally expand ρσ,σ′(r, r+b) as a series of
b (Appendix A.1):
ρσσ′ (r, r+ b) =
ρσσ′ (r, r) + b · uσσ′(r)− b
8π
C(r)δσσ′
+
b2
24πa
C(r)δσσ′ + 1
2
∑
α,β=x,y,z
ν
(αβ)
σσ′ (r)bαbβ
−π
2
bb · [3w(r) +w∗(r)]δσσ′ + sσ,σ′(r,b) +O(b3),
(11)
where δσσ′ is the Kronecker symbol.
The quantities in each order of the r.h.s of Eq. (11)
are defined and explained as follows.
0th-order term: ρσσ′ (r, r) is (up to a global factor)
the density matrix element of the atom at position r. If
the SOC were absent and the trapping potential U(r) is
diagonal in the pseudo-spin basis, we have ρ↑↓(r, r) =
ρ↓↑(r, r) = 0.
1st-order terms: The factors uσσ′ (r) and C(r) are de-
fined as
uσσ′(r) = N × Tr2,...,N
lim
η→0+
ˆ
Rη
D2 [1〈σ′| (∇r|Ψr〉s) s〈Ψr|σ〉1] ,
and
C(r) = 8π2N(N − 1)
ˆ
D3 [3,...,N〈Ar|Ar〉3,...,N ] , (12)
respectively, with D3 = Π
N
i=3dri and
|Ar〉3,...,N ≡ |A(r; r3, · · · , rN )〉3,··· ,N . (13)
Below we will show that the contact C for our systems
can be defined as the integration of the factor C(r) with
r. Thus, C(r) can be considered the “contract density”
of our system.
2nd order terms: The factors ν
(αβ)
σσ′ (r), w(r) and
sσ,σ′(r,b) are given by
ν
(αβ)
σσ′ (r) = N × Tr2,...,N
lim
η→0+
ˆ
Rη
D2
[
1〈σ′|
(
∂2
∂rα∂rβ
|Ψr〉s
)
s〈Ψr|σ〉1
]
,
(14)
and
w(r) =
1
2
N(N − 1)
ˆ
D3 [3,...,N〈Ar| (∇r|Ar〉3,...,N)] ,
(15)
and
sσ,σ′(r,b) =
iC(r)
8π
b
∑
α,β=x,y,z
λαβB
(α)
σσ′bβ , (16)
respectively, with rx,y,z being the components of r and
B
(α)
σσ′ = 1〈σ′|σ(1)α |σ〉1. (17)
In the absence of the SOC, the term sσ,σ′(r,b) of Eq.
(11) would disappear from the expansion of ρσ,σ′(r, r+b),
while all the other terms still remain. Thus, the SOC
does not affect the behavior of ρσ,σ′(r, r + b) in the 0th
and 1st order of b, and modify the behavior in the 2nd
order by inducing the last term in the r.h.s. of Eq. (11),
which is an non-analytical term and proportional to the
contact density C(r) and the SOC intensity λαβ . Espe-
cially, for the non-diagonal elements ρ↑↓(r, r + b) and
ρ↓↑(r, r + b) this SOC-induced term is the lowest-order
non-analytical term.
Furthermore, the appearance of the term sσ,σ′(r,b)
in Eq. (11) can be mathematically interpreted as fol-
lows. As shown above, to calculate ρσσ′ (r, r + b)
via Eq. (7) we require to do the integration
´
R¯ε
D2
in the region R¯ε. Furthermore, in that region the
states |Ψr〉s and |Ψr+b〉s in the to-be-integrated function
1〈σ′|Ψr+b〉s〈Ψr|σ〉1 should be expanded via the MPBC
shown in Eq. (6). The direct calculation shows that
sσ,σ′(r,b) is lead by the contribution from the SOC-
induced term of the MPBC (i.e., the term proportional
to G in Eq. (6)) to the integration
´
R¯ε
D2.
IV. MOMENTUM DISTRIBUTION FUNCTION
Using our above results on the short-range expansion
of ρσ,σ′(r, r+b), we can now study the high-momentum
behavior of the single-atom momentum distribution func-
tion nσσ′ (k) defined in (2). This factor is related to
ρσσ′(r, r + b) via
nσσ′(k) =
ˆ
drdbe−ik·bρσσ′ (r, r+ b). (18)
Substituting Eq. (11) into Eq. (18), we can obtain the
expression of nσσ′(k) in the large-k limit (Appendix A.2).
In the following we investigate the SOC-induced effect for
the diagonal and non-diagonal elements of the momen-
tum distribution function.
5A. Diagonal elements
In the large-k limit the diagonal elements n↑↑(k) and
n↓↓(k) are given by
nσσ(k) =
C
k4
− i16π
2
k6
k · (3w˜+ w˜∗)
−ησ 4C
k6
∑
β=x,y,z
λzβkβ +O
(
1
k6
)
, (19)
for σ =↑, ↓, with η↑ = +1, η↓ = −1. Here kx,y,z are the
components of k and w˜ =
´
w(r)dr. In Eq. (19) the
factor C is defined as
C =
ˆ
drC(r). (20)
It is the contact of our system.
Eq. (19) shows that the leading-order behaviors of
n↑↑(k) and n↓↓(k) are not changed by the SOC. Explic-
itly, no matter if there is an SOC we always have
lim
k→∞
n↑↑(k) = lim
k→∞
n↓↓(k) =
C
k4
. (21)
Nevertheless, in the sub-leading order (1/k5) the SOC
modify the behaviors of n↑↑(k) and n↓↓(k) by introducing
a new term ∓ 4Ck6
∑
β=x,y,z λzβkβ , which is proportional
to the SOC intensity λαβ and the contact C.
Furthermore, when we calculate nσσ(k) by substitut-
ing Eq. (11) into Eq. (18), we can find that the term
−ησ 4Ck6
∑
β=x,y,z λzβkβ of Eq. (19) is actually induced
by the term sσ,σ′(r,b) of Eq. (11) (Appendix A). In ad-
dition, as shown in the end of Sec. III, sσ,σ′(r,b) is lead
by the SOC-induced term (i.e., the term proportional to
G) of the MBPC Eq. (6), which describes the behavior of
the wave function in the short-range limit. Therefore, the
SOC-induced term −ησ 4Ck6
∑
β=x,y,z λzβkβ in Eq. (19)
can be interpreted as a result of the SOC-induced modi-
fication of the short-range behavior of the wave function.
With the above results we can further get the behavior
of the total momentum distribution n(k), which is given
by
n(k) = n↑↑(k) + n↓↓(k). (22)
Substituting Eq. (19) into Eq. (22) we obtain that in
the large-k limit
n(k) =
2C
k4
− i32π
2
k6
k · (3w˜+ w˜∗) +O( 1
k6
). (23)
In the absence of the the SOC, both of the two terms in
the r.h.s. of Eq. (23) still exists. Thus, the behavior of
n(k) is not modified by the SOC up to the order of 1/k5.
We can further define the momentum-distribution dif-
ference of atoms with spin ↑ and ↓ as
δn(k) = n↑↑(k)− n↓↓(k). (24)
Thus, Eq. (19) yields that
δn(k) = −8C
k6
∑
β=x,y,z
λzβkβ +O
(
1
k6
)
. (25)
This result shows that, if there were no SOC (i.e., λαβ =
0), then δn(k) is at most on the order of O(1/k6), no
matter if the trapping potential U(r) is diagonal or non-
diagonal in the pseudo-spin basis. However, in the pres-
ence of the SOC, a term − 8Ck6
∑
β=x,y,z λzβkβ can be in-
duced in the order of 1/k5. Namely, the SOC can sig-
nificantly modify the behavior of δn(k) by changing the
leading order from at most 1/k6 to 1/k5. This result also
implies that the SOC-induced modification of the single-
atom momentum distribution may be experimentally de-
tected via the measurement of the large-k behavior of
δn(k).
B. Non-diagonal elements
The situation is quite different for the non-diagonal
elements n↑↓(k) and n↓↑(k). Substituting Eq. (11) into
Eq. (18), we find that in the large-k limit we have
n↑↓(k) = −4C
k6
∑
β=x,y,z
(λxβ + iλyβ) kβ +O
(
1
k6
)
, (26)
and n↓↑(k) = n↑↓(k)
∗. Therefore, similar as δn(k), the
large-k behaviors of n↑↓(k) and n↓↑(k) are also signif-
icantly modified by the SOC and the leading order of
these terms is changed from at most 1/k6 to 1/k5.
V. MANY-BODY ENERGY
In this section we use our above results to study the
relations beween the many-body energy and the contact,
and derive the adiabatic relation and energy functional
for our SO-coupled system.
A. Adiabatic relation
We consider the case that |Ψ〉 is an eigen-state (e.g.,
the ground state) of the Hamiltonian H , which satisfies
the eigen-equaiton H |Ψ〉 = E|Ψ〉 as well as the MBPC
(6) with scattering length a. Thus, the eigen-energy E
depends on the value of a. Now we derive the adiabatic
relation which connects ∂E/∂(−1/a) and the contact C
for our SO-coupled system, with the approach shown in
Ref. [17]. To this end we consider two systems α and
β with scattering lengths aα and aβ , respectively, and
assume |Ψ(n)〉 (n = α, β) is the normalized eigen-state of
H for system n, with corresponding eigen-energy En. We
further assume these two eigen-energies have the same
rank for each system. For instance, |Ψ(α)〉 and |Ψ(β)〉 are
6the ground states of the systems α and β, respectively,
and Eα,β are the ground-state energies. Therefore, we
have [45]
lim
aα→aβ
Eα = Eβ ; lim
aα→aβ
〈Ψ(α)|Ψ(β)〉 = 1. (27)
On the other hand, with the direct generalization of the
approach used in Ref. [17], we can prove that (Appendix
B)
Eβ − Eα(
1
aα
− 1aβ
)〈Ψ(α)|Ψ(β)〉
=
2π~2
m
N(N − 1)
ˆ
dr
ˆ
D3
[
3,...,N〈A(α)r |A(β)r 〉3,...,N
]
.
(28)
Here |A(n〉r 〉3,...,N (n = α, β) is the state
|A(r; r3, · · · , rN )〉3,··· ,N of system n, and thus satis-
fies limaα→aβ |A(α〉r 〉3,...,N = |A(β〉r 〉3,...,N . Substituting
taking the limit aα → aβ for Eq. (28) and using Eqs.
(27, 12, 20), we obtain the adiabatic relation
∂E
∂ (−1/a) =
~
2C
4πm
, (29)
which has the same form as in the systems without SOC.
B. Energy functional
If |Ψ〉 is an arbitrary many-body state, the average en-
ergy can be defined as E = 〈Ψ|H |Ψ〉 and can be expressed
as a functional of the single-atom momentum and posi-
tion distribution function. Now we derive the expression
of this energy functional, with the help of our previous
result in Eq. (11). Here we use the similar approach as
Ref. [16]. We first define a function J(β) as
J(β) =
1
(2π)3
∑
σ=↑,↓
ˆ
dknσσ(k)e
−β ~
2k2
2m . (30)
Substituting Eq. (18) into this definition, we find that
J(β) can be re-expressed as
J(β) =
∑
σ=↑,↓
ˆ
drdbUβ(b)ρσσ(r, r+ b), (31)
where Uβ(b) = (2πβ~
2/m)−
3
2 e
− m
2β~2
|b|2
. Using Eq. (11),
we further obtain
J(β) = N − C~
√
β√
2mπ
3
2
+
Cβ~2
4πma
+ βK +O(β3/2),
(32)
with N =
´
dr [ρ↑↑(r, r) + ρ↓↓(r, r)] being the total atom
number and K = ~
2
2m
∑
α=x,y,z,
σ=↑,↓
´
drν
(αα)
σσ (r). On the
other hand, the definition E = 〈Ψ|H |Ψ〉 of the average
energy yields
E =
ˆ
drU¯(r) −K +
∑
α,β=x,y,z,
σ,σ′=↑,↓
ˆ
dk
[
λαβB
(α)
σσ′kβnσ′σ(k)
]
,
(33)
where B
(x,y,z)
σσ′ are the matrix-elements of the Pauli
operator, as defined in Eq. (17), and U¯(r) =∑
σ,σ′=↑,↓ Uσσ′(r)dσσ′ (r), with Uσσ′ (r) being the matrix-
element of the trapping potential in the one-body pseudo-
spin basis and
dσσ′ (r) = ρσσ′ (r, r). (34)
Substituting Eq. (33) into Eq. (32) and using Eq. (30)
as well as the relation
~
2π
3
2
√
2mβ
=
1
(2π)3
ˆ
dk
(
~
2
mk2
e−β
~k2
2m
)
, (35)
we find that
1
(2π)3
∑
σ=↑,↓
ˆ
dke−β
~k2
2m
[
nσσ(k) − C
k4
]
= N +
Cβ~2
4πam
− β
[
E −
ˆ
drU¯(r)
]
+β
∑
α,β=x,y,z,
σ,σ′=↑,↓
ˆ
dk
[
λαβB
(α)
σσ′kβnσ′σ(k)
]
+O(β3/2).
(36)
Doing the operation ddβ (...)
∣∣∣
β=0
for both of the two sides
of Eq. (36), we finally obtain the expression of the energy
functional:
E = ~
2C
4πam
+
1
(2π)3
∑
σ=↑,↓
ˆ
dk
~k2
2m
[
nσσ(k)− C
k4
]
+
∑
σ,σ′=↑,↓
ˆ
dr [Uσσ′ (r)dσσ′ (r)]
+
1
(2π)3
∑
α,β=x,y,z,
σ,σ′=↑,↓
ˆ
dk
[
λαβB
(α)
σσ′kβnσ′σ(k)
]
,
(37)
This result shows that the SOC modify the energy func-
tional by introducing the last term of Eq. (37), which is
just the average value of the SOC term in the total Hamil-
tonianH on state |Ψ〉. Thus, this energy functional is the
direct generalization of the one for the systems without
SOC.
VI. SUMMARY
In this paper we derive the universal relations for ul-
tracold two-component Fermi gases with arbitrary type
7SOC. We obtain the short-range and high-momentum ex-
pansions of the single-atom spatial correlation function
ρσσ′ (r, r + b) (σ, σ
′ =↑, ↓) and momentum distribution
function nσσ′(k). We find that the SOC significantly
modify the leading-order behaviors of n↑↓(k), n↓↑(k) and
the distribution difference n↑↑(k) − n↓↓(k), and modify
the sub-leading-order behaviors of each diagonal element
n↑↑(k) and n↓↓(k) as well as all the four elements of
ρσσ′ (r, r+b). All of these modifications are proportional
to the contact C, and are indued by the SOC-induced
term in the MBPC (6), i.e., the term proportional to the
operatorG. We further derive the adiabatic relation and
energy functional for our system. Our calculations can
be generalized to the two-dimensional systems.
Our results are helpful for the further theoretical and
experimental studies of ultracold gases with SOC or the
ultracold gases where the single-atom trapping potential
U(r) is non-diagonal in the pseudo-spin basis. We should
also be careful that, the expressions of the SOC intensity
λαβ (α, β = x, y, z) and the potential U(r) are “frame-
dependent”. For instance, for the experimental systems
with one-dimensional SOC induced by the Raman laser
beams, in the lab frame we have λαβ = 0 for all α, β and
U(r) = Ω2 e
ikLx| ↑〉〈↓ |+h.c., while in the rotated frame we
have U(r) = Ω2 | ↑〉〈↓ |+ h.c. and λαβ = (~kL/2)δα,zδβ,x.
Here Ω and kL being the effective Rabi frequency and
wave vector of the Raman beams, respectively. There-
fore, when working in a certain frame we should correctly
use the corresponding expressions of λαβ and the poten-
tial U(r).
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Appendix A: Integrations
In this appendix we given some remarks on the calcu-
lation of the integration
´
D2 =
´
Rε
D2+
´
R¯ε
D2 for Eq.
(11) and the the integration
´
db in Eq. (18).
For the integration
´
D2, we have the following re-
marks:
(1) To do the small-b expansion, here we only need to
consider the cases where both b and ε are very small. On
the other hand, in principle, in the region R¯ε it is possible
that more than one atoms are in the region with center
r and radius ε. For instance, both atom 2 and atom 3
are in this region. Since in the wave function |Ψr〉 the
vector r is the position of atom 1, in this example the
three atoms 1, 2 and 3 are very close to each other. Due
to the Pauli principle, this possibility is very small and
here we ignore this possibility. Namely, we assume in R¯ε
only one atom is in the region with center r and radius
ε.
(2) In addition, since the finial result of the integration´
D2 =
´
Rε
D2 +
´
R¯ε
D2 is independent of the value of
ε, here we calculate
´
Rε
D2 and
´
R¯ε
D2 to the 0th power
of ε and then sum the results.
(3) Furthermore, also due to the identity of
Fermonic atoms, the to-be-integrated function
Tr2,...,N [1〈σ′|Ψr+b〉s〈Ψr|σ〉1] is invariable under the
exchange of ri and rj for ∀i, j ∈ (2, ..., N). Thus, in our
calculation we have
ˆ
R¯ε
D2 = (N − 1)
ˆ
R¯
(2)
ε
D2, (A1)
with R¯(2)ε being the region with |r2 − r| < ε.
For the integration
´
db in Eq. (18) we have the fol-
lowing remarks:
(1) When we do this integration we
first replace
´
dbe−ik·bρσσ′ (r, r + b) with
limζ→0+
´
dbe−ik·be−ζbρσσ′(r, r + b), and then re-
place ρσσ′ (r, r+ b) with the expansion (11).
(2) In the large-k limit, the contributions from the an-
alytical terms of Eq. (11) to the Fourier transformation´
dbe−ik·b would exponentially decay with k. Since now
we want to extract the power terms which behave as 1/kn
with n an integer, we only need to consider the contribu-
tions from the non-analytical terms of Eq. (11), i.e., the
terms proportional to b, b2, bb and bbβ. For instance, the
direct calculation gives
lim
ζ→0+
ˆ
dbe−ik·be−ζbb = −8π
k4
. (A2)
Thus, we have
lim
ζ→0+
ˆ
dbe−ik·be−ζb
[
− b
8π
C(r)δσσ′
]
=
C(r)
k4
δσσ′ .
(A3)
Similarly, we also have
lim
ζ→0+
ˆ
dbe−ik·be−ζbsσ,σ(r,b) = −ησ 4C(r)
k6
∑
β=x,y,z
λzβkβ ,
(A4)
8for σ =↑, ↓, where sσ,σ(r,b) is defined in Eq. (16) and
η↑ = +1 and η↓ = −1. This result implies that the term
ησq(k) in Eq. (19) is lead by the term sσ,σ(r,b) of Eq.
(11). The contribution from other non-analytical terms
can be derived with similar calculations.
Appendix B: Proof of Eq. (28)
In this appendix we prove Eq. (28) with the method in Ref. [17]. Our following calculation is a generalization of
the calculation in Appendix B of Ref. [17] to our case with SOC. As shown in Sec. V.A of our main text, we assume
|Ψ(α)〉 and |Ψ(β)〉 are eigen-states of the many-body Hamiltonian H of systems with scattering lengths aα and aβ ,
and Eα,β are the corresponding eigen-energies. As in the main text, here we define the corresponding wave functions
|ψ(i)〉s ≡ s〈r1, ..., rN |Ψ(i)〉 (i = α, β).
When aα 6= aβ , since |Ψ(α)〉 and |Ψ(β)〉 satisfy the MBPC for different scattering lengths, in principle they are
in different Hilbert spaces and thus the inner product between them is not well-defined. Nevertheless, here for our
system, even if aα 6= aβ, we can still do the integration
Iαβ ≡
ˆ
D1
(
s〈ψ(α)|ψ(β)〉s
)
=
ˆ
D1
(
〈Ψ(α)|r1, ..., rN 〉s〈r1, ..., rN |Ψ(β)〉
)
,
where D1 = Π
N
j=1drj , and the integration is defined in the region where rij ≡ |ri − rj | 6= 0 (i, j = 1, ..., N), as in the
main text. Thus, we can define the symbol 〈Ψ(α)|Ψ(β)〉 as 〈Ψ(α)|Ψ(β)〉 ≡ Iαβ for both the cases with aα = aβ and the
cases with aα 6= aβ . It is clear that when aα = aβ this definition returns to the usual definition of inner product.
Under this definition, we have
(Eβ − Eα)〈Ψ(α)|Ψ(β)〉 = 〈Ψ(α)|HΨ(β)〉 − 〈HΨ(α)|Ψ(β)〉
= N
(
〈Ψ(α)|H(1)1b Ψ(β)〉 − 〈H(1)1b Ψ(α)|Ψ(β)〉
)
. (B1)
Here in the last step we have used Eq. (5). Using the expression (3) of the one-body Hamiltonian, we find that in
our coordinate representation we have
〈Ψ(α)|H(1)1b Ψ(β)〉 − 〈H(1)1b Ψ(α)|Ψ(β)〉 = −
~
2
2m
ˆ
D1
[
s〈ψ(α)|
(
∇2r1 |ψ(β)〉s
)
− s〈∇2r1ψ(α)|ψ(β)〉s
]
−i
∑
η,ξ=x,y,z
λαβ
ˆ
D1
[
s〈ψ(α)|σ(1)η
(
∂
∂ξ1
|ψ(β)〉s
)
+ s〈 ∂
∂ξ1
ψ(α)|σ(1)η |ψ(β)〉s
]
,(B2)
where ξ1 (ξ = x, y, z) are the three components of r1, while s〈∇2r1ψ(α)| and s〈 ∂∂ξ1ψ(α)| are the Dirac bra corresponding
to ∇2r1 |ψ(α)〉s and ∂∂ξ1 |ψ(α)〉s, respectively. Notice that the integration is done in the region where rij ≡ |ri − rj | 6= 0
(i, j = 1, ..., N). Using the divergence theorem, we have
〈Ψ(α)|H(1)1b Ψ(β)〉 − 〈H(1)1b Ψ(α)|Ψ(β)〉 = −
ˆ
D2 lim
ǫ→0
ˆ
{∀j 6=1,r1j>ǫ}
dr1 (∇r1 · I) ,
=
ˆ
D2 lim
ǫ→0
∑
j 6=1
"
Sǫ(rj)
I · dS, (B3)
with D2 = Π
N
j=2drj as we have defined before, and the surface integral
!
Sǫ(rj)
(j = 2, ..., N) is done for r1 in the
sphere Sǫ(rj) which is centered at rj and has radius ǫ. Here the vector area dS points out of this sphere. In Eq. (B3)
the vector function I is given by
I =
~
2
2m
[
s〈ψ(α)|
(
∇r1 |ψ(β)〉s
)
− s〈∇r1ψ(α)|ψ(β)〉s
]
+ i
(
s〈ψ(α)|g|ψ(β)〉s + s〈ψ(α)|g|ψ(β)〉s
)
, (B4)
with the spin operator g being defined as g =
∑
α,β=x,y,z λαβσ
(1)
α eβ, while ex,y,z being the unit vector along the three
coordinate axises. In addition, due to the identity of Fermi atoms, the function I is invariable under the exchange of
rl and rj (j, l 6= 1). Therefore, the integration
!
Sǫ(rj)
I · dS is same for different j, and thus Eq. (B3) becomes
〈Ψ(α)|H(1)1b Ψ(β)〉 − 〈H(1)1b Ψ(α)|Ψ(β)〉 = (N − 1)
ˆ
D2 lim
ǫ→0
"
Sǫ(r2)
I · dS. (B5)
9In addition, in the surphase Sǫ(r2), we can express the wave functions |ψ(n)〉s (n = α, β) via the MBPC (6). Now we
define a vector u as u ≡ (r1 − r2)/r12. Thus, in surphace Sǫ(r2) we have r1+r22 = r2 + ǫu/2 and
|ψ(n)〉s =
[
1
ǫ
− 1
an
− iu ·G+ u
2
· ∇r
]
|S〉12 ⊗ |A(n)r 〉3,··· ,N
∣∣∣∣
r=r2
+O(ǫ); (B6)
∇r1 |ψ(n)〉s =
[
− u
ǫ2
− 1
2ǫ
u (u · ∇r) + 1
2ǫ
∇r
]
|S〉12 ⊗ |A(n)r 〉3,··· ,N
∣∣∣∣
r=r2
+O(1), (B7)
(for n = α, β),
where |A(n〉r 〉3,...,N (n = α, β) is the state |A(r; r3, · · · , rN )〉3,··· ,N defined in Eq. (6) for the system with scattering
length an. Substituting Eqs. (B6) and (B7) into Eq. (B4) and then into Eq. (B5), we obtain
〈Ψ(α)|H(1)1b Ψ(β)〉 − 〈H(1)1b Ψ(α)|Ψ(β)〉 =
(N − 1)(2π)~2
m
(
1
aα
− 1
aβ
) ˆ
dr
ˆ
D3
[
3,...,N〈A(α)r |A(β)r 〉3,...,N
]
. (B8)
Further substituting this result into Eq. (B1), we obtain Eq. (28) in Sec. V.
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